We calculate the spin density matrix of top quark pairs for the reaction e + e − → ttX to order α s . As an application we show next-to-leading order results for a variety of spin observables for the tt system. These include the top quark and antiquark polarizations and tt spin-spin correlations as a function of the center-of-mass energy and of the top quark scattering angle for arbitrary longitudinal polarization of the electron/positron beam.
I. INTRODUCTION
Among the six known quark flavours known to date, the top quark is of particular interest: Its large mass implies that very high energies are involved in the production and decay of this particle, which in turn allows for tests of the fundamental interactions at these high energy scales. Moreover, the interactions of the top quark can be studied in greater detail than those of the lighter particles since the top quark essentially behaves like a free, but extremely short-lived particle. With a mass of m ≈ 175 GeV, the lifetime of the top quark is about 5 × 10 −25 seconds. This short lifetime effectively cuts off the long distance QCD dynamics. In particular, the top quark polarization is not diluted by hadronization and thus becomes an additional observable to test perturbative QCD, or, more generally, short distance physics.
An ideal machine to study the properties of top quarks in detail would be a highluminosity, high-energetic e + e − linear collider. The physics potential of such a machine is described for example in [1] . We just mention here that at center-of-mass energies in the range √ s = 400 − 1000 GeV, an annual yield of the order of 10 5 top quark pairs may be expected.
For the process e + e − → ttX, the production cross sections for longitudinally [2] and transversely [3] polarized top quarks are known to order α s . The correlations between the spins of top quarks and antiquarks have been studied extensively in leading order [4] .
The longitudinal spin-spin correlations have also been calculated in next-to-leading order (NLO) [5, 6] . Polarization phenomena in top quark pair production near threshold have been investigated in [7] .
A convenient theoretical framework to discuss spin phenomena is the concept of the spin density matrix, and the main objective of this paper is to present results for the full spin density matrix of the tt system to order α s . This allows for a systematic study of spin effects in e + e − → ttX. For phenomenological applications, our results should be supplemented by the decay matrices at NLO for the different t andt decay channels [8, 9] .
An alternative approach to the analysis of spin effects in top quark production and decay is the computation of the relevant helicity amplitudes. This was accomplished at next-toleading order in [10] , where also a Monte Carlo event generator for the case of semileptonic tt decays was constructed.
The outline of the rest of this paper is as follows. We start in section II by introducing the spin density matrix formalism and apply it to the reaction e + e − → tt at leading order.
In section III we compute the QCD radiative corrections to the results of section II. Section IV contains numerical results for a variety of spin observables. We exhibit their dependence on the c.m. energy and on the top quark scattering angle and further study the effects of electron beam polarization.
II. KINEMATICS AND LEADING ORDER RESULTS
In this section we review some basic kinematics and the concept of the spin density matrix formalism. To set up the notation, we start with a closer look at the amplitude for the process
where e − (e + ) denotes an electron (positron) and t(t) describes a top (anti-) quark with mass m. We work in leading order in the electroweak coupling and in next-to-leading order in the strong coupling α s = g 2 s /(4π). To this order the unspecified rest X can be only a gluon.
The amplitude for the reaction (II.1) can be written in the following form: for an electron, and g
for a top quark, with ϑ W denoting the weak mixing angle. The function χ(s) is given by
where m Z and Γ Z stand for the mass and the width of the Z boson. (We keep here the width of the Z boson because it will be relevant for an application of our results to b quark production at the Z resonance.) The amplitudes V µ , A µ in (II.2) encode the information on the decay of the vector boson into the tt and ttg final states. In particular they depend on the momentum and the polarization of the outgoing particles. Considering only longitudinal polarization for the incoming electrons and/or positrons and neglecting the lepton masses leads to
for the square of (II.2). The lepton tensors L P C(P V )µν read
The tensors H P C(P V ) µν describing the decay of a polarized Z boson can be written as
with
where The (unnormalized) spin density matrix for the reaction (II.1) may be defined by
where α, α ′ , β, β ′ are the spin indices of the outgoing top (anti-) quarks. The sum in (II.11)
runs over all unobserved degrees of freedom such as the colour of the outgoing particles or the polarization of the emitted gluon. In (II.11) one should read the combination αα
on the left-hand side as a shorthand notation for a multi-index built from α, α ′ (β, β ′ ). To calculate the spin density matrix it is convenient to use a different representation which follows immediately from the concept of the density matrix:
1 For a right-handed electron (positron), λ ∓ = +1.
(II.12)
Hereŝ t (ŝt) is the unit polarization of the top (anti-) quark in the rest frame of the top (anti-) quark 2 , and σ i are the usual Pauli matrices. With ⊗ we denote the tensor product between the spin space of the quark and the antiquark. Using in (II.12) a decomposition of the spin density matrix ρ of the form
the density matrix can be easily calculated by a comparison of the polarization independent parts, terms proportional toŝ ti (ŝt i ), and terms proportional toŝ tiŝtj on the left-hand side and the right-hand side of (II.12). More precisely we define
where N C is the number of colours, and g state it is convenient to write:
where the three-momenta p and k are defined in e + e − c.m. system. In (II.16) we suppress for simplicity the additional indices Y, X. For the case of the three-parton final state a similar decomposition can be used. A detailed discussion of the properties of ρ under discrete symmetry transformations is given in [11] . In leading order (O(α 0 s )) the non-vanishing entries in the density matrices ρ X Y read:
where z =p ·k, β = 1 − 4m 2 /s, and r = 2m/ √ s.
The leading order differential cross section dσ 0 (ŝ t ,ŝt) is related to the leading order density matrix ρ 0 as follows:
The total cross section for example can be obtained from
yielding the well known result:
Within the framework of the spin density matrix formalism it is easy to calculate spin observables. For instance, at leading order the polarization of the top quark projected onto its momentum direction can be obtained from: .) As another example consider the following spin-spin correlation, which is in leading order proportional to the so-called longitudinal spin-spin correlation studied in [5, 6] :
The examples above show that the spin density matrix formalism enables one to calculate efficiently the expectation values of spin observables. A more exhaustive analysis of spin observables together with next-to-leading order numerical results will be presented in section IV.
III. QCD RADIATIVE CORRECTIONS
The QCD corrections at order α s to the expectation values of spin observables are given by the contributions from one-loop virtual corrections to e + e − → tt and from the real gluon emission process e + e − → ttg at leading order. We first give some details on the computation of the virtual corrections.
Both infrared (IR) and ultraviolet (UV) singularities which appear in the one-loop integrals of the virtual corrections are treated within the framework of dimensional regular-
We use the 't Hooft-Veltman prescription [12] to treat the γ 5 matrix present in the axial vector current part of the vertex correction in d dimensions. It is well known that this prescription violates certain Ward identities.
They are restored by adding a finite counterterm [13] . The UV singularities are removed by appropiate counterterms fixed by on-shell renormalization conditions for the quark. After renormalization one obtains UV finite vertex corrections for the vector and the axial vector parts of the amplitude to order α s .
The renormalized amplitude still contains an IR singularity which appears as a single pole in ǫ and which multiplies -up to a factor -the Born amplitude. This singularity is cancelled in infrared safe quantities by a corresponding singularity from the real gluon emission process. The latter singularity is obtained from the phase space integration of the squared matrix element for e + e − → ttg over the region of phase space where the gluon is soft.
The virtual corrections to the density matrix are obtained by first computing the interference between the renormalized one-loop amplitude and the Born amplitude for given polarization vectorsŝ t ,ŝt and then extracting ρ virtual as described in section II below equation (II.12). Note that the necessary trace algebra can now be performed in d = 4 dimensions without punity. In particular, the projectors (1 + γ 5 s / t,t )/2 can be kept in 4 dimensions.
We now discuss the contributions from real gluon emission. We isolate the soft gluon singularities by splitting the ttg phase space into a soft and a hard gluon region. The soft gluon region is defined by the condition
where E g is the gluon energy in the c.m. system and x min is a sufficiently small quantity.
The hard gluon region is the complement of the soft region. In the limit where the gluon momentum k g goes to zero one can neglect k g in the numerator of T f i (e + e − → ttg), which leads to
Using (III.2) in the whole soft gluon region leads to the approximation
where the soft factor S is given by The dependence on µ cancels in the sum of the virtual and soft contributions.
For finite x min , the sum of the contributions from the soft and hard gluon region differs from the exact result by terms of order x min because of the soft gluon approximation. The sum becomes exact for x min → 0. With the choice x min = 10 −5 the systematic error due to this approximation is smaller than one permill in all our numerical results. This can be nicely checked by varying x min between, say, 10 −3 and 10 −6 and numerically extrapolating to zero.
The sum of the virtual and soft contributions to the density matrix ρ is finite and can be written in a compact form as follows:
We define:
and use as further abbreviations that make up ρ rest read (we suppress here the index "rest" for aesthetic reasons):
(III.8) are rather lengthy and we do not list them in this paper. We just mention here that instead of the expansion (II.16) of B ± , C ij with respect top,k, andn that was used for the two-parton final state, we found it more convenient for the three-parton final state in the hard gluon region to use as basis vectors k t /|k t |, kt/|kt|, and (k t × kt)/|k t × kt|.
Note that the matrix ρ hard (e + e − → ttg) does not contain any singularities and that the whole computation can be performed in d = 4 dimensions.
IV. NUMERICAL RESULTS
In this section we present next-to-leading order results for expectation values of a variety of spin observables. For an observable O we use the notation
where σ is the total cross section for e + e − → ttX, and
Here, dR 2 is given in (II.20) and
We consider the following set of observables:
The In Table I we list our results for the expectation values of (IV.4) in terms of the quantities O i 0,1 as defined in (IV.1) and (IV.2). We choose four different c.m. energies, namely √ s = 400, 500, 800, and 1000 GeV. The positron beam is always assumed to be unpolarized, while for the electron beam the three cases λ − = 0, ±1 are considered. As numerical input we use m Z = 91.187 GeV, an on-shell top quark mass of m = 175 GeV, and sin 2 ϑ W = 0.2236.
The table shows that the top quark and antiquark are produced highly polarized and also that the spin-spin correlations are large. For example, the polarization 3 of the top quark projected onto the beam axis at √ s = 500 GeV and for λ − = +1 amounts to
where we set α s = 0.1. As another example, consider the spin-spin correlation O 10 at √ s = 1 TeV, also for λ − = +1:
where we again set α s = 0. To check our calculation, we compared our numerical value for the order α s correction to the total cross section σ 1 with the value one gets by using the analytic formula as given for example in [14] and found excellent agreement. Note that the longitudinal spinspin correlation P ℓℓ studied in [6] is, at next-to-leading order, not proportional to our expectation value O 9 : The former would correspond in our notation to the expectation value 4 (k t · S t )(kt · St) , which only at leading order is equal to −4 O 9 . To compare our results for P ℓℓ , we reproduced Figures 1 and 2 of reference [6] and found agreement.
We now study the distributions of our expectation values with respect to z, the cosine of the top quark scattering angle in the c.m. system. These distributions are defined as Table I ). Note that the distributions typically rise as z → +1.
To illustrate the impact of the O(α s ) corrections, we plot in Figs. 7 -10 the "K-factors"
for i = 1 (Figs. 7a,b) , and i = 4, 8, 9 (Figs. 8,9 ,10). The K-factors show a strong dependence both on the cosine of the scattering angle and on the c.m. energy. They vary between 0.88 and 1.04.
V. CONCLUSIONS
The production of top quark pairs in e + e − annihilation involves a variety of spin phenomena. We have performed a systematic study of these effects to order α s and including beam polarization effects using the spin density matrix formalism. Apart from a significant polarization of the top quarks and antiquarks, the spins of t andt are also strongly correlated. The QCD corrections to the leading order results for the expectation values of all spin observables considered are at the percent level or smaller. The spin effects in the tt production will manifest themselves in the angular distributions of the t andt decay products. For a phenomenological analysis of these angular distributions, one can combine the results presented in this paper with spin decay matrices computed to next-to-leading order accuracy for the different t andt decay modes.
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